Abstract. We study the elliptic genera of hyperKähler manifolds using the representation theory of N = 4 superconformal algebra. We consider the decomposition of the elliptic genera in terms of N = 4 irreducible characters, and derive the rate of increase of the multiplicities of half-BPS representations making use of Rademacher expansion. Exponential increase of the multiplicity suggests that we can associate the notion of an entropy to the geometry of hyperKähler manifolds. In the case of symmetric products of K3 surfaces our entropy agrees with the black hole entropy of D5-D1 system.
Introduction
It has been known for some time [18] that characters of the BPS representations of the extended superconformal algebra do not in general have a good modular property. This is because of the existence of special singular vectors coming from the BPS condition (G i |h = 0). Thus BPS characters are not regular theta functions but are mock (pseudo) theta functions of the kind first introduced by Ramanujan [1, 9] . Systematic understanding of mock theta functions, however, was not available until very recently. Intrinsic structure behind them was first revealed by Zwegers several years ago [48] , and they are identified as the holomorphic part of the harmonic Maass forms (see Appendix for definition). Since the work of Zwegers, the theory of the mock theta function has been applied to the theory of partitions [2] , and its relationship with the quantum invariant for links and 3-manifolds has been clarified [23, 24, 25, 26, 27, 31, 46] (see Ref. 37 for a review on recent developments). This paper is a sequel to our previous papers [10, 11] , where we have studied representation theory of the N = 4 superconformal algebras using the method of Zwegers and in particular the decomposition of the elliptic genus of the K3 surface in terms of irreducible characters of N = 4 algebra.
In general the elliptic genus of hyperKähler manifold of complex-dimension 2k has an expansion elliptic genus = ℓ∈{0, 1 2 ,..., Here h and ℓ respectively denote the conformal dimension and isospin of highest weight states. In this paper we introduce the Rademacher expansion and determine the asymptotic behavior of the multiplicity factors p (ℓ) k (n) as n becomes large. We shall show that they have an exponential growth and at large k behave as
Such an exponential behavior of the degeneracy is reminiscent of the entropy of black holes.
In the elliptic genus the right-moving sector is held fixed at the Ramond ground state and hence the non-BPS states in (1.1) are actually the half-BPS states (BPS (non-BPS) in the right-(left-)moving sector). Counting the asymptotic degeneracy of states protected by supersymmetry amounts to computing the entropy of systems. Actually as we see below, when one considers the case of symmetric product of K3 surfaces K3 [k] it in fact agrees with the entropy of the standard D5-D1 black holes in AdS 3 × S 3 × K3 [6, 42] . Positivity inside the square root of (1.2) corresponds to the cosmic censorship in classical general relativity [6, 7] .
We propose in this paper that arbitrary hyperKähler manifolds carry entropy as defined above. In (1.1) a bad modular property of BPS characters is exactly compensated by the equally bad modular property of the infinite series n p (ℓ) k (n) q n . Thus the lack of modular behavior of BPS characters is the origin of entropy in hyperKähler manifolds. This paper is organized as follows. In Section 2 we briefly review our previous results in Refs. 10, 11 . In Section 3 we study the Rademacher expansion of the Fourier coefficients of the vector-valued harmonic Maass form by use of the Poincaré-Maass series. In Section 4 we study the decomposition of the elliptic genera of the hyperKähler manifolds in terms of irreducible characters. By use of the Rademacher expansion, we derive the asymptotic behavior of the multiplicity of the non-BPS representations. We present the cases of level-2 and -3 in some detail. The last section contains concluding remarks.
Superconformal Algebras and Mock Theta Functions
2.1. Characters of Superconformal Algebras. The N = 4 superconformal algebra at level k has a central charge c = 6 k, and contains an affine SU(2) k algebra. Its highest weight state |Ω is labeled by the conformal weight h and the isospin ℓ,
The character of a representation is defined by
where q = e 2 π i τ with τ ∈ H, and H denotes the Hilbert space of the representation. In the following we often use ζ = e 2 π i z with z ∈ C. In N = 4 theory we have two types of representations [16, 17, 18] ; massless (BPS) and massive (non-BPS) representations. In the Ramond sector, their character formulas are given as follows;
• massless representations (h =
, and ℓ = 0, 1 2 , . . . ,
2)
where χ k,ℓ (z; τ ) denotes the affine SU(2) character
with the theta series defined by
Note that the denominator of the affine character equals
Characters in other sectors are obtained by spectral flow:
At the unitarity boundary h = k 4
, the non-BPS representation decomposes into a sum of the BPS representations. For instance, in the R sector (R sector with (−1)
2.2. Conformal Characters and Mock Theta Functions. For notational convenience we set the holomorphic function C k (z; τ ) to be the massless superconformal character with isospin-0 in R sector;
Note that massless representation carries the Witten index
It is known that the function C k (z; τ ) does not have a good behavior under modular transformation: one has to find its suitable "completion" which has a good modular behavior.
The following completion of C k (z; τ ) has been obtained in our previous work [10] 
(2.10)
Here the basis functions B 
The non-holomorphic function R
where E(x) is the error function
The function R (a) k (τ ) can be rewritten as a period integral,
where Ψ (a) k (τ ) denotes a vector-valued modular form with weight-3/2 proportional to the affine SU(2) character;
In the sense of Zagier [47] , the massless superconformal character C k (z; τ ) is a mock theta function whose shadow is Ψ (a) k (τ ). The completion C k (z; τ ) is a real analytic Jacobi form with weight-0 and index-k. Its modular properties are summarized as follows;
We notice that the basis function B (a) k (z; τ ) is a vector-valued Jacobi form with weight-(−1/2) and index-k; 
for 1 ≤ a, b ≤ k, and z a ∈ C. We introduce [10] 
whose completion is
We then have the modular transformation laws,
From (2.13) it follows that
and we obtain ∂ ∂τ H (a)
As a result, the completion H (a) k (z 1 , . . . , z k ; τ ) is a harmonic Maass form, and is an eigenfunction of the differential operator
Here ∆ ℓ denotes the hyperbolic Laplacian (τ = u + i v)
) is regarded as a holomorphic part of the harmonic Maass form.
2.4. Jacobi Form. The Jacobi form f (z; τ ) with weight-k and index-m obeys the following transformation laws [19] ;
It is known [19] that the space of the Jacobi form with even weight is spanned by
and a basis of Jacobi forms with weight-k and index-m is given by 27) with non-negative integers a, b, c, d satisfying
Here E 4 (τ ) and E 6 (τ ) are the Eisenstein series,
where
The remaining two functions with index-1 are defined by
It is noted that φ −2,1 (0; τ ) = 0, 30) and that φ 0,1 (z; τ ) is just one-half of the elliptic genus of the K3 surface [13, 30] .
Character Decomposition of Elliptic Genera.
In terms of the completion C k (z; τ ) of the massless character and the harmonic Maass form H (a)
Non-holomorphic dependence in (2.31) cancels each other, and the function J k (z; w 1 , . . . , w k ; τ ) is holomorphic as is seen in (2.32). J k (z; w 1 , . . . , w k ; τ ) transforms like a Jacobi form with weight-0 and index-k [19] ;
because of (2.9). In the following we choose w a to be half-periods,
, and use the notation
Then it is possible to show that
(2.36) This is a vector-valued Jacobi form, and is a building block of the elliptic genera for hyperKähler manifold with complex dimensions 2k [14, 15] . Symmetrization of
gives a Jacobi form with weight-0 and index-k.
For our convenience we introduce the following notation,
(2.37)
Here k 2 + k 3 + k 4 = k and without loss of generality we set
As C k (z; τ ) and B
(a) k (z; τ ) are the massless and massive characters (2.8) and (2.11) respectively, the formula (2.32) is used to give the decomposition of elliptic genera in terms of N = 4 irreducible representations. In particular, the Fourier coefficients of H (a) k (w (k 2 ,k 3 ,k 4 ) ; τ ) counts the number of massive representations in elliptic genera. Since in elliptic genera the right-moving sectors are always fixed to the ground state, massive representations in the left-moving sector correspond to the overall half-BPS. Then the asymptotic behavior of the growth of the multiplicity of non-BPS states in elliptic genera is related to the black hole entropy in string compactification on hyperKähler manifolds. As we shall see in the standard case of D5-D1 black hole in string compactification on K3 surface, we will reproduce the black hole entropy from the growth of massive representations.
3. Harmonic Maass Form and Poincaré-Maass Series 3.1. Jacobi Form and Theta Series. In the formula (2.32), the Fourier coefficients of H (a) k (w 1 , . . . , w k ; τ ) count the multiplicity of non-BPS representations. Our purpose is to compute these Fourier coefficients. As the parameters w a are specialized to half-period, our problem is to construct a vector-valued harmonic Maass form (k ≥ 1 and 1 ≤ a ≤ k), 
Once we are given such a modular form, we can construct a real analytic Jacobi form J k (z; τ ) of weight-0 and index-k by
Note that, when Σ (a) k (τ ) is holomorphic and trivially satisfies (3.1), the function J k (z; τ ) becomes a holomorphic Jacobi form.
On the contrary, we can invert the above relation and determine the function Σ (a) k (τ ) in terms of a real analytic Jacobi form J k (z; τ ). If we introduce a function
for convenience, which is a real analytic Jacobi form with weight-1 and index-(k + 1), we can in fact express the function Σ (a)
where z 0 ∈ C is arbitrary. Proof of (3.4) is rather standard [19] ; due to the periodicity of J k (z; τ ) in z → z + 1, we can expand
We thus obtain
Since J k (z; τ ) is odd with respect to z and ϑ k+1,a (−z; τ ) = ϑ k+1,−a (z; τ ), we recover (3.3).
In the case when J k (z; τ ) is real analytic, for example J k (z; w 1 , . . . , w k ; τ ) − C k (z; τ ) as in (2.31), formula (3.4) is valid when we replace J k (z; τ ) with J k (z; w 1 , . . . , w k ; τ ) − C k (z; τ ). It is possible to see that also in the holomorphic case the relation (3.4) is valid when we
. This is due to the relationship (2.10) and (2.21).
Using the fact that
integrality of the Fourier coefficients of Σ (a) k (τ ) in (3.4) follows straightforwardly once one has integrality of the Fourier coefficients of the Jacobi form J k (z; τ ).
In the case of k = 1 we take the Jacobi form to be the elliptic genus of the K3 surface 2 φ 0,1 (z; τ ). Then we find
One finds that the Fourier coefficients of ζ or ζ −1 are nothing but the multiplicity of massive representations in the K3 surface discussed in [11] .
3.2. Multiplier System. We shall construct a solution of (3.1) and (3.2) in the form of the Poincaré-Maass series. It is a generalization of the discussion in our previous paper [11] where a case of k = 1 was studied as an application of the Rademacher expansion for the mock theta function. See Refs. 2, 3 for recent studies on the Poincaré-Maass series.
We utilize the following multiplier system for the SU(2) affine character (2.4). For γ = a b c d ∈ Γ(1) = SL(2; Z), we set
Here we have
and, in general (see, e.g., Refs. 29, 41) [
This representation has been used [29] to construct the SU(2) Witten-Reshetikhin-Turaev invariant of 3-manifold [39, 45] from the colored Jones polynomial for link to be surgered.
Based on the similarity between the modular transformations (3.2) and (3.6), the multiplier system for Σ we have the multiplier system for the vector-valued modular form (3.2) as
where k (τ ). We suppose that the holomorphic polar part of P (a) k (τ ) has a form of
Following Ref. 4 , we set for h > 0
where M α,β (z) is the M-Whittaker function [43] . We see that the ϕ-function is an eigenfunction of the hyperbolic Laplacian (2.25) 13) and that at ℑτ → +∞
By use of the Fourier coefficients of the polar part (3.11), we construct the Poincaré-Maass series P
, 3 4 (γ(τ )) . (3.14)
Here Γ ∞ is the stabilizer of ∞,
Commutativity of the Laplacian (2.25) and the γ-action proves that the Poincaré-Maass series satisfies (3.1), and we can check that it fulfills the modular transformation (3.9).
The Fourier coefficients of the Poincaré-Maass series can be computed by the method developed in Refs. 2, 3 (see also Ref. 11). We can rewrite P
, 3 4 (τ )
The second term reads up to a constant as .
We then apply the following Fourier transformation formula [4, 22] ,
where the Fourier coefficients a n (v) are given as follows;
Here the (modified) Bessel function, I α (z) and J α (z), satisfy
Substituting the above Fourier transformation formula, we obtain the expansion coefficients of the Poincaré-Maass series as
Convergence of this type of series is a delicate problem [3] . In their work on the AndrewsDragonette formula, Bringmann and Ono proved convergence of such Poincaré series by making use of properties of Kloosterman sums and Salié sums [2, Section 4] . Their proof relies on the fact that their multiplier system is parameterized by use of binary quadratic form. Due to the explicit form of our multiplier system (3.10), their method could be applicable to our case (3.16). We would like to establish the convergence of the series (3.16) mathematically in a future publication. We provide a strong evidence for the convergence numerically in Section 4. 
Here Θ 2 ) with weight-1/2 due to SerreStark theorem [37, 40] . In the case of k such that 16 By dropping theτ -dependent parts from the above formula (3.16) we obtain the holomorphic (τ -independent) part which reads as
Since the Fourier coefficients of the weight-1/2 theta function Θ 
is written in terms of the coefficients of the polar part as (n) comes from a contribution of c = 1 in the above infinite series, and we obtain
In Refs. 7, 32, 33 an expansion of a form similar to (3.19) has been developed in the case of holomorphic Jacobi forms (with non-positive weights) using the circle method, and the authors discussed the interpretation of the expansion as a path-integral over 3-dimensional manifolds related to the BTZ black hole by space-time modular transformations.
Character Decomposition of Elliptic Genera
4.1. Asymptotic Behavior of the Number of Non-BPS Representations. In our previous paper [10] we described the general structure of the elliptic genus Z X k (z; τ ) for arbitrary hyperKähler manifold X k with complex dimension 2 k. Namely we have shown that it is written as
where Z X (a) k (z; τ ) denote symmetric polynomials of the ratios of Jacobi theta functions,
θ 00 (z;τ ) θ 00 (0;τ )
2
, and
is a Jacobi form with weight-0 and index-k, and d k denotes a dimension of the space of these Jacobi forms. The normalization of Z X (a) k is fixed so that its q-expansion has integer coefficients [10] . Amongst others, we have set
where the prefactor is chosen so that the identity representation in the NS sector has a multiplicity 1 in partition function [10] . The identity representation comes only from Z X
(1) k (z; τ ), so the elliptic genus of X k can be determined to be of the form (4.1), (4.2).
Among hyperKähler manifolds, the Hilbert scheme of points on the K3 surface K3
[m] has been much studied. It was proposed by a method of the second quantized string that their elliptic genera are obtained as [8] 
where c(n, ℓ) is the Fourier coefficients of the elliptic genus for the K3 surface,
This generating function (4.3) is a generalization of the identity for the Euler characteristics [20] .
It is known (see, e.g., Ref. 44 ) that the classical topological invariants of X, such as the Euler character, the Hirzebruch signature, and the A-genus, are respectively given by
It is easy to see that the only contribution to the A-genus comes from the leading term Z X (1) k in (4.1) and we easily find
for any hyperKähler manifolds in 2k complex dimensions. It turned out that this result has been known in the mathematical literature [28] .
Now we present an estimate on the asymptotic behavior of the number of non-BPS representations in general hyperKähler manifold X k . We first decompose the elliptic genus (4.1) into a sum over characters
where Σ (a) X k (τ ) has an expansion of the form
Due to discussions in Section 3.1, we have p
Here n = 0 corresponds to the unitarity boundary. As we know, massive representations at the unitarity boundary are decomposed into massless representations. Thus the n = 0 pieces in (4.7) are absorbed into the first part of (4.6) and then the sum over n in (4.7) runs from n = 1 to ∞.
On the other hand, if we look at the expressions (3.19) and (3.21), we find k (n) comes from the largest value of a 2 (= k) and the smallest value of m(= 0) in the polar part of (4.7). It is fairly easy to see that the term with maximal isospin a 2 /2 = k/2 at the unitarity boundary m = 0, i.e., p 
(4.8) Thus quite generally, independent of the values of n a in (4.1), we obtain the asymptotic estimate
The level-1 case, k = 1 and a = 1, is a result in our previous paper [11] . paper [10] , we set bases of the Jacobi forms to be
(4.11)
They are identified with
and in the notation of Ref. 21 we have
The elliptic genus for dimension-4 manifold X 2 (n) is defined as
which gives Z X 2 (n) (0; τ ) = 144 + 6 n,
Especially we have K3 [2] = X 2 (n = 30),
Using the character decomposition (2.32), we have [10]
2 (z; τ ). 
(1,1,0) (τ ) Σ
(1,1,0) (τ )
The polar parts are
0 .
These are massive characters at the unitarity bound, which are decomposed into a sum of massless characters. Then we obtain
2 (z; τ ) + q
2 (z; τ ), 
2 (z; τ ).
In Fig. 1 we have plotted both the exact values (obtained from using (3.4)) and the prediction of the asymptotic formula (3.21) for (the absolute values of) the expansion coefficients of Σ (a) (2,0,0) and Σ (a) (1,1,0) . The theta function in (3.17) vanishes in this case. In order to check the convergence of our results we also present some numerical data in the table: here the results obtained by truncating the infinite sum over c (3.20) at c = 1, 5 and 50 are presented. We see a very fast convergence.
• the Fourier coefficients, Coeff (1,1,0) .
• the Fourier coefficients, Coeff , and show that the Poincaré-Maass series (3.16) is merely a holomorphic Jacobi form when the polar parts are suitably chosen. The Riemann addition formulae for the Jacobi theta series (see, e.g., Ref. 35 
which shows
2 (τ ) B
2 (z; τ ) − Ψ
2 (τ ) B From (4.15), we obtain
(2,0,0) (τ ) Σ
(2,0,0) (τ )
.
In these combinations Σ functions acquire good modular transformation properties.
Level-3.
We have three Jacobi forms with weight-0 and index-3. Each Jacobi form Z X ,0 (z; τ ) − 8 ch 
3 (z; τ ) + q 
(1,1,1) (τ ) Σ
(1,1,1) (τ ) Σ We have numerically checked that (3.19) with these polar parts reproduce above massive coefficients in Z X
